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Notes on Semi-Tmplicit Modeling Technigues

One of the most severe constraints in semi-implicit modeling is
related to the requirement of solution of a system of Helmholtz equations.
The usual method of solution by felaxation methods regquires large hori-
zontal fields of data in the‘computer core storage at one time, while
other parts of the computation are more conveniently performed on vertiecal
strips of data. This dual form of!data use leads to inefficiencies in
data access and greater wall clock times for forecast programs.

As éuggested in notes by D. Burridge of the Furopean Meteorological
Center; a program has been written to test a code organization that allows
all calculations in strip form. Basic to this method are (1) that the .
system of Helmholtz equations is separated in the vertical to allow their
independent solution, and (2) they are- solved by tri-diagonal block
eliminations. The elimination is ordered so that the calculations are
performed alternately in thé north-to-south and south-to-north directions.

In order to test these ideas, a model with only the vertical and
one horizontal dimension has been designed. It is used - in this note %o
illustrate the solution method suggested by D. Burridge, and the
advantages and disadvantages of such a method. Pressure is the vertical
coordinate. The earth's surface is assumed flat. In the usual fashion,
the pressure gradient, divergence, and vertical velocity are averaged

in time. The finite-difference equations are:
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where usual finite-difference notation is used, In addition
—f

()7 =%+ ()1 (7)

The superscript, T, refers to the time level. Also,

d
5 = (8)

isfthe3@¢rivétivé‘of:thé*basiqféﬁate:pbfential temperature with respect

to p in the kth layer. Also

O = B + 6 . (9)
If B = 0, then all ¢ 's are replaced by ¢£, where

¢k =¢Ok + ¢k . (10)
If B =1, then ¢ 's are the total value. The reason for this

distincetion will be seen later. It is also noted that T is the Exner

function,

"= (p) (11)
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and og is the surface specific volume. The data placement is shown

in Figure 1.

Equations (1)-(6) cannot be marched directly ahead in time.

Ingtead, fields must mutually satisfy all the equations.

The

—-42
solution is obtained by eliminating all variables, except ¢kt between

the equations. It is convenient to introduce the notation

The resulting equation in this variable is

§, + 2(-1) jzl (-1) 3y + (-1) jzl a5 ¢jyy
— L —
+ oy (Aphy o + 2j=§+1APj¢jYy) =X, k=1,2,...,L

where the number of layers is L, and

i

ak - (At)z GSAPk_

by = %(At)? AmeBy

', and

. L
k .
= - 2(-1 G* At V¥
o =8 G (-1)7 [6* + At o jzl ApJVJy]
S T
cphm {T* - 3 At_ekp[Apkv;;y + ejzk+lApjv§y]}

(12)

(13)

(14)
(15)
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. Once -c-ﬁk is determined from (13) (more about that in awhile) then the

other varisbles can be determined from

2% .

uk = Uzg (17)

AN P (18)

k kK~ * "7 Yky ‘

22t et L 2t

e T Wka1 t PyVyy (19)
with

—2t

Wreq = 0 ‘ (20)

—2% - 24

¢1 = M o, w o+ G (21)

—2t — '

O = Tf - % bt T (mF + B2E) (22)

—2t s —at

brpq = & - &+ (1-B){d_ + (23)

k+1 ¢k ¢kw ( Ok ¢Ok+l)

The values of quantities at T+l are obtained from

()T = o3t L ()T (1)

Solution to the Vertical Problem

The method ofvsolution to (13) will be‘split into two parts. As
it stands, this equation is a Helmholtz equation involving both the
horizontal and vertical coordinates. In the general three-dimensioﬁal
problem, two horizontal directions would be involved. It is desirable
to separafe the problem into a series of Helmholtz problems, one for
each layer. Sela and Scolnik (1972) deséribe a way of doing this

that requires the solution of the equations in a particular order and
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prevents solution by one vertical strip at a time, as will be described
later. Therefore, an alternate method will be used. (This method is
being used by the Canadians and British in thelr semi-impliecit models.)

Equation (13) can be written

C@W+E¢=F (25)
where
T ) e -
<bl Xl
9, X,
N X
o = F = : (26)

-

((~a,+ b,Ap,) (~a,+ 2b,Ap,)(~a,+'2b Ap ). ..(-a + 2b,Ap;) ]

a, (a2+ bzApz) (a3 + 2b2Ap3)...(aL¢ 2b2ApL)
-8, -a, (-a3+ bsAPs) "f(_aL+ 2b3ApL)
C = ?1 ?2 ?3 ...(aL + Q?uApL) (27)

L (Dfar (D%, (D DD oy )
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The vertical modes of (25) are separated as follows.
C;l, giving

&, + CT'EO =C7' F

Find the eigenvalues and eigenvectors of (C 1E)T
—10T (1) _ (i)
: (i)
Multiply (29) by G ~7.

G(i).®yy + G(i).(C—lEQ) = G(i).(c’lF)

or

¢t o,

_ (1) -
vy =g (¢r)

+ (c-1)T(al1)9)

Because of (30), this can be written as

G(i).®yy +~xié§%?§1%:éﬁfiiecffF)

Or, defining

- o)

td
|

and

g = ot (i)

equation (30b) can be written

Bl i=1,2,...,L

iyy t ABi = Hi,

0 (28)

Multiply through

(29)

(30)

(30a)

(30b)

(30c)

(31)

(31a)

(32)
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. The A4 afe the eigenvalues of (CT!'E)T (or (CT!E) since it is symmetric)
and G(i) are the correspohding eigenvectors. The L equations, (29), can
‘be solved independently once the eigenvalues are known. Since C and E
only depend upon basic-state parameters, the A's need be solved for only

once. Once (29) has been solved for the B's, the ¢'s are obtained from

o = ()M, k=1,2,...L | (33)

Horizontal Solution for the B's

Equation (29) is written in expanded index form as

B (Ayz)\i- 2)B,. + B

= 2
51 * Byays = Ov7Hj, (34)

+
J-1i

This is to be solﬁed with the boundary condition

or
| _ i) 4 (1) .

. By, = 010y = - 286y (36)
Taking into account the boundary conditions, (36), equation (34) is

written in matrix form as

N p s 2 N
fap)s 1 0 0 ... 0 0 O (B, Ay®Hps +Ay(Byy)3/0
2
2
0 1 a; 1 ...0 0 0 Bl; Ay®H,;
N
0 0 1 agy ... 0 0 O Bs; | = |0¥°Hgy (37)
: 2
o o0 o0 o 0 1oayai) WByoas) APy v(Biydyay




where

2
ns Ay Ki— 1

a Ay?a.- 2, 3 =3,b,...,N-2 (40)
1

Ji
ay-1y = Ayzki -1

N is the number of points in the north-south direction. ZEquation

(39) is solved by standard methods for tri-diagonal matrices.(e.g.,

see Isaacson and Keller, 1966, p. 55). Since it is desired to show

how the present system of equations can be solved one vertical column

at a time, a detailed exposition of the method will be given.

But first, let's put.things into perspective. We wish to
solve the system (1)-(6), one vertical column at a time. This is
the counterpart in this model of solving the general problem one
strip at a time, a strip being one row of data extending vertically
through the model. The dimensions of a strip would be NxL, where a
row length is N and L is the number of model levels. In order to
solve (1)-(6) we have formed the equation (13). Equation (13) in
turn has been transformed to (32). In effect, the vertical modes of
the problem have been separated, and solution for the amplitude of each
mode can be obtained separately.

The question is: How can (34) be solved so that we can proceed,
knowing only information for one column at a time? To see the answer
to this question, we now give a detailed account of the solution to
(34). Essentially, fhe method is one of Gaussian elimination. Tt is

noted that, for each value of i, (34) represents a set of N equations
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for the Bji‘s. This is also clear from the equation in matrix form,
(39). The solution proceeds as follows: 1) eliminate By; from the

third through N-1th equations, 2) eliminate B from the fourth

3i
through N-1%2 equations, 3) proceed as in 1) and 2) for the B)s
through By_oi. At this point, the last equation éan be solved

directly for B

N-1i° The next to last equation only involves BN—li

and By _o;. The third from last equation involves only By_j4,
By-2i., and BN—Bi’ ete. Therefore, 4) solve recursively for BN—li
By-pi» BN—Bi’ cees B2i’ starting from the last‘equation and ending
with the first. |

In particular,.the process takes the form of calculating

recursively for

OLji = aji - ?j‘li’ J o= 3,h,...,N—1' (h1)
Y31 = 1oy s J o= 3,0,...,0-2

Then solve recursively for

— 2
g,y = (Ay°Hpy + Oy Vi )/ oy,
- 2 . _
gji = (&y Hji - gj—li)/aji s d 3,h,...,0-2 (L2)
- (AolH o -
&1 ,(Ay Hl\T—li AyVly gN—Qi)/d'N—ll

The back-substitution is obtained by

By 13 = By_14 !
N-11 N-11 (L43)

Bsg = 844 - inBj+1i
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Now, suppose that we sweep through the data from south to north,
one column (or strip in 3D model) at a time. When Wé reach the
northern boundary, By.j3 is known. Byi is known from the boundary
conditions. We can now use (33) to obtain 0 at J=N,N-1. Since
Uf, Vg, and G¥, are also known for j=N,N-1, we may use (17)-(23) to
obtain one column (or strip) of (_72t variables. Equation (24) is

)T+1

used to obtain a column (or strip) of ( variables. We may now

T+1

use (43) to obtain another column (or strip) of ( ) variables.

When a sufficient number of columns of ( )T+?

variables are available,
the Uﬁ, VE, and G¥ can be obtained for T+l. From these, ¥ can be
obtained for (13), and therefore the right-hand side of (32) can be
determined. This means that the forward elimination of (41) and (L2)
can begin for T+l while the back-substitution of (43) for T proceeds
only a few columns (or strips) ahead. Therefore, we have an algorithm
for solving the system of equations that requires only a few columns
(or strips) of data in the computer storage at one time. No field-
needs more than four columns (or strips) of data at once. Inputting
or outputtingof data will occur for only one of these columns (or strips)
at a time. This possibility was the big promise that was to be
investigated with this model.

It is noted that the a's and v's of (41) do not vary in time. This
means that by saving the y's (noting that Oss = 1/in), we could reduce
the computation. In the present model, the storage necessary would be

small, and likewise the amount of computation saved would be small.
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But now let's consider a full 3D model. In such a model, (32) will
have the form
n?(B

+ B, )+ MBp = He, k=1,2,...,L (L)

kxx kyy
where m is the ﬁap factor. There are two usual possibilities.
BEither the model equations are formulated on a polar stereographic
grid, or they are formulated on a grid whose map factor changes only
in the north-south direction. The relevance of the difference will

be seen shortly.

In expanded index notation, (4U4) can be written

k- _ KL
By 13-1% [Bx i-15% (Af5- b)B 15% Bk ie13] + By ij41 = T3 {L45)
where
k A
X, = —— A2 (46)
1J m,,
iJ
H
kR k 2
7w ()
i3

and A is the grid distance. In matrix notation, we can write

pipk = 7k (48)
where

s k W r k. -

E -T 0 0 .. h-Xij -1 0 .

Kk ;I-,,Ek - I o . K -1 B Ak, -1 ...
" - 25 (1

0 -1 B T ... 0 -1 h_x3j...

\ . J L o )




r ko ¢ k4 ¢ 3
Biq - £ 1 0 0 .
k
B - K 0 1 0
k . . ° e a
B = ;2 7r = f;e T = (49)

Bi3 - i3 0 0 1 ...| cont.
L J L J \ . J

Formally,vGMS), (49) look like (39), (L0). The difference is that

the matrix elements are now matrices themselves. The solution, also,

is formally like (41)-(43), except that multiplications are now

matrix multiplications, and inverses are matrix inverses. In particular,

instead of (L41), we have

k _ .k -
Af = w rf = - (a5

k _ k. ok .

Aj - Ej + Fj+l E Jd = 3,&,..-,N—l (50)
F? = - (Alj‘)'1 , 5 =3,bh,...,N-2

In order to generate the final solution, the T''s are required. They

do not vary in time, so they could be calculated once and saved., In
fact, they are generally faikly sparse matrices, with large values

along the diagonal and rapidly decreasing values away from the diagonal.
If we were to save all the Ffs, we would be saving LxNx(NxN) numbers for
an NxN grid. For L=6 and N=65, this is 1,647,750 numbers! For each
strip we would need 25,350 numbers in core storage. This would hardly
help the I/0 problem that this program logic was designed to alleviate!
However, we may take advantage of the sparseness of the I' matrices,

Tt is found that the rate at which the numbers off the diagonal fall to
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zero is determined largely by the size of the X?j's relative to 1.
The bigger the absolute value of the A 's (they are negative), the
faster the off-diagonal elements fall to zero. The larger Kk's are
related to the slower internai modes on the model, so that the
smaller Ak’s of the more rapid gravity wave modes cause the largest
off-diagonal elements in the I's.

Now, we consider the effect of the map factor on the solution.
If m; 3 varies with both i1 and j, then each diagonal element of E?
differs from the next. The same will be true of the F?‘s and a
rather large storage of numbers is needed. TFor a 6-layer model with
an isothermal stratification (determining the Xk's) and a two times
variation in m, it is estimated that the storage requirement is
Nx(56N-327). For N=65 this is 215,345 storage locations (words).

If 1 5 vafies only with j, then each diagonal element of E? will
be the same, and some storage savings can be obtained. In this case,
the estimated storage is 20N2+95N-1390 (N220). TFor N=65, this gives
89,285 storage locations.

Now suppose that the grid is rotated so the mij varies only with
i. Then each diagonal element of E? differs from the next, but it is
found that the sequence of F?'s converges to a limit, quite rapidly for
the slow modes, and less rapidly for the faster modes. The savings in
required storage for -this case is considerable. It is estimated that
Nx365 (NZ20) storage locations are needed, or 7300 for N=65. For

completeness, it is mentioned that for a constant map factor, we could

get away with saving 5071 numbers.



-1l

In summary, it appears that the storage requirements are extreme
for general map factor variations, but not too severe for models on
a Mercator, spherical, or similar grids. This presupposes that a
method could be found to store only the required elements of the F?'s,
to catalog them, and to make the required multiplications of the T%‘s
with other matrices. On a vector machine, it is suspected that the

procedure would be exbremely inefficient.

A Note on Accuracy

In the discussion of the last section, it has been assumed thst
the elements of the T matrices are neglected if they are 10" the
magnitude of the corresponding diagonal elements. There are N

multiplications and N-1 additions required to get @ach Bj; from

J
Bj+li' The méximum relative error during this process should be
2(N-1)x10""*. (See Henrici, 196L, p. 169.) By_o; can be expected
to have this error, while By-31 Wﬁuld have twice this error, etec.
The average error would be %(N-1)2(N-1)x10"* or (N-1)?x10~*. For N=65,
the average relative error (maximum) is 0.41! Surely the storage
estimates have been on the low side;

There is another place where accuracy is a consideration. In (k)
fhe factor B has been included. For the Helmholtz equation (13), this
determines the presence or absence of Gy in Xx. Since this is the

dominant term of X, the difference is important. If Gi is present,

we solve for the total ¢-field and great accuracy is needed in the



-15-

solution of (13) or (32). Double precision was found to be necessary
on the IBM 360/195 with N=10! If, however, B=0 so that G is not

included in Xj, then single precision is sufficient, even for N=100.

Another Possibility with Variable Map Factor

We consider next an iterative solution of (4l) suggested by
J. Gerrity (personal communication). Expand the map factor as a

constant plus a deviation:

mZ=m + A (51)
Then (Lkh) can be written
1 .
Brxx * Byyy * %?‘Bk = %in - A(kax + Bkyy)] (51a)

If we calculate the/right—hand side values from the previous iteration,

this can be written

yatl Ao _n+l

1 n
+ :T'Bk mw )
1

[m, - A(B ]

(B * Bryy wxx T Blyy

m

y (52)

= 52 [Hk + = >\k Bk]
m

where n is the iterative count. The convergence of this iterative

procedure can be investigated by considering a particular wave

component, for whiech

() + () == K20) | (53)

Letting the first guess for the solution be B;, the solution to

(52) is found to be
n-1 I
= (820" +pE ] (B=A) (54)
m 2=0 :

B>
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where

m

8 = [m? {_ K2 + :__K_}]-l (55)

Convergence of the scheme 1s guaranteed by IB é;‘ <1, or
m

l A
m+ A

< [_ KZE + 1} (A < 0) (56)

Clearly, this is always satisfied if m is chosen within the range of

m?, i.e., if |A] < m?.

Tt is noted From (54) that as n>®, the first term vanishes.
Therefore, the final solution is unaffected by the first guess. A
good first guess can speed the convergence, however, This cas be seen
easily by letting BE =B Hklf (B_%?X)x in (5L4).

If (52) is used to solv;O(hh), then the horizontal solution pro-
cedure shown earlier cannot be followed. Instead, we must complete
the solution for By for the entire grid before we can march ahead in
time. The solution can_still be performed in strips, however,
Further, the coefficients on the left-hand side of (52) are constant
and uniform in space so that the storage necessary for the matrix
inverses used in the solution to (52) is minimal. Using Bk from the
previous time step for the first guess should provide a first guess
accurate enough to give convergent solutions in only a few scans.

Tt therefore appears that an efficient method exists for the solution
of (hh) with variable map factor. And the method allows all I/0 in

strips with potential increase in I/0 efficiency.
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Summary

The equations for a semi-~implicit model in pressure coordinates
have been outlined. The method of solution for constant map factor
has been given in some detail. And two possible methods of solution
have been given for variable map factor. 1In all cases, the core
storagé is assumed to be arranged in strips. At no time during the
solution is it necessary to use 2D horizontal fields. The feasibility"
of totally stripped program logic is considered to be shown. However,
actual calculations have not been made which prove this feasibility.

The 2D model written for this study and its explicit version can

be used in studies of geostrophic adjustment, and other problems.
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